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Points on Shimura curves rational over imaginary
quadratic fields in the non-split case
Keisuke Arai
Abstract
For an imaginary quadratic field k of class number > 1, Jordan proved
that there are only finitely many isomorphism classes of rational indefinite
quaternion division algebras B such that the associated Shimura curve MB
has k-rational points and k splits B. In this article, we study the case where
k does not split B, and obtain a complementary result. In other words, the
main result of this article asserts that there are only finitely many isomorphism
classes of B such that MB has k-rational points.
1 Introduction
Let X0(p) be the smooth compactification of the coarse moduli scheme over Q pa-
rameterizing the isomorphism classes of (E,C), where E is an elliptic curve and C is
a cyclic subgroup of E of order p. Then X0(p) is a proper smooth curve over Q, which
is called a modular curve. If p > 163, then the set X0(p)(Q) of Q-rational points
consists of only two cusps (see [12, Theorem 7.1]). This theorem was expanded to a
result on rational points over a quadratic field which is not an imaginary quadratic
field of class number one (see [13, Theorem B]). These results can be interpreted as
follows: if the level of the modular curve grows, then the set of rational points on it
becomes small.
Let B be an indefinite quaternion division algebra over Q, and let d(B) be its dis-
criminant. Then d(B) > 1, and it is the product of an even number of distinct prime
numbers. Fix a maximal order O of B. Let MB be the coarse moduli scheme over
Q parameterizing the isomorphism classes of (A, i), where A is a two-dimensional
abelian variety and i : O →֒ End(A) is an embedding of O into the endomorphism
ring of A. Such a pair (A, i) is called a QM-abelian surface by O. Then MB is a
proper smooth curve over Q, which is called the Shimura curve associated to B.
We regard MB as an analog of a modular curve, but MB has no cusps. By [15,
Theorem 0], we have MB(Q) = MB(R) = ∅. If k is an imaginary quadratic field
of class number one and if B ⊗Q k ∼= M2(k), then MB(k) is never empty (see [10,
Proposition 6.5]).
In the following, let k be an imaginary quadratic field of class number hk > 1.
We study the behavior of MB(k) when d(B) grows. Here, we regard d(B) as the
level of MB. The main result of this article is:
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Theorem 1.1. There is a finite set D(k) of positive integers depending on k such
that: if d(B) 6∈ D(k), then MB(k) = ∅.
In practice, we prove:
Theorem 1.2. There is a finite set P (k) of prime numbers depending on k such
that: if there is a prime divisor p of d(B) which is not in P (k), then MB(k) = ∅.
In the situation of Theorem 1.2, let D˜(k) be the set of the products of an even
number (≥ 2) of distinct prime numbers in P (k). Then D˜(k) is finite, and Theorem
1.1 holds with D(k) = D˜(k). Note that Theorems 1.1 and 1.2 are equivalent. An
upper bound of P (k) can be estimated effectively with at most one possible exception
(see §2).
Jordan gave the same result in [10, Theorem 6.6], restricting the case where
B⊗Q k ∼= M2(k). Note that no prime divisor p of d(B) splits in k if B⊗Q k ∼= M2(k).
Note also that a point of MB(k) is represented by a QM-abelian surface by O over
k if and only if B ⊗Q k ∼= M2(k) (see [10, Theorem 1.1]). These facts make the case
B ⊗Q k ∼= M2(k) less difficult.
The proof of Theorem 1.2 is given in §3,4. §2 is devoted to its preparation.
The idea of the proof, which is a modification of that in [10], is as follows. When
B⊗Q k 6∼= M2(k), a point x of MB(k) is not represented by a QM-abelian surface by
O over k. We choose a quadratic extension K of k such that B⊗QK ∼= M2(K). Then
x is represented by a QM-abelian surface by O over K, and we have a canonical
isogeny character ̺ of the absolute Galois group of K. By taking composition with
the transfer map, we obtain a character ϕ12 of the absolute Galois group of k, which
is independent of the choice of K (up to p-th power). Then we classify ϕ12. In each
case of the classification, we carefully replace K with a suitable one, and compute
̺. Note that a similar method is also found in [7].
Rational points on MB are studied in the context of the Hasse principle in [4],
[6], [8], [14], [16], [17]. Especially, the result of [4] is applied to produce an explicit
infinite family of counterexamples to the Hasse principle on MB over number fields
L when we fix B and vary L (see [6, Proposition 2.6]). The result of this article
might be applied to produce such a family when we fix L = k and vary B.
We also have a series of works [1], [2], [3], [5], [7] concerning rational points on
Shimura curves of Γ0(p)-type when the level p grows.
Notation
For a number field K, fix an embedding K →֒ C. We use the following notations,
where Q is a prime of K:
• |a|: the absolute value of a ∈ C,
• a: the complex conjugate of a ∈ C,
• OK : the ring of integers of K,
• ClK : the ideal class group of K,
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• K: the algebraic closure of K inside C,
• Kab: the maximal abelian extension of K inside K,
• GK := Gal(K/K),
• GabK := Gal(Kab/K),
• κ(Q): the residue field of Q,
• lQ: the characteristic of κ(Q),
• NQ: the cardinality of κ(Q),
• OK,Q: the completion of OK at Q,
• u˜ ∈ κ(Q): the reduction of u ∈ OK,Q modulo Q.
2 Isogeny characters
First, we define several sets of integers, which will be used to give a definition of the
exceptional set of prime numbers in Theorem 1.2 when B ⊗Q k 6∼= M2(k). Let
• S0: the set of non-principal primes of k which split in k/Q,
• T : the set of non-empty finite subsets of S0 which generate Clk.
Then S0 6= ∅ and T 6= ∅ since hk > 1. For each prime q of k, let hq be the order of
q in Clk, and fix an element βq ∈ Ok satisfying
qhq = βqOk.
Then hq divides hk. We have
Nhqq = |Normk/Q(βq)| = Normk/Q(βq) = βqβq and |βq| = N
hq
2
q .
We sometimes write
h = hq, β = βq
if there is no fear of confusion. Let
• Cq :={
γ24hq + γ24hq ∈ Z ∣∣ γ ∈ C is a root of X2 +mX +Nq = 0 for some m ∈ Z, m2 ≤ 4Nq },
• A1,q :=
{
a− Trk/Q(β24q ) ∈ Z
∣∣ a ∈ Cq },
• A2,q :=
{
a− N8hqq Trk/Q(β8q ) ∈ Z
∣∣∣ a ∈ Cq },
• A3,q :=
{
a− 2N12hqq ∈ Z
∣∣∣ a ∈ Cq },
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• A3,S :=
⋃
q∈S
A3,q, where S ∈ T .
These five sets are finite. Since hk > 1, we have k 6= Q(
√−1), Q(√−3). Then
O×k = { ±1 }, and so A1,q and A2,q are independent of the choice of βq. Note that we
can replace (hq, βq) by (h
′
q, β
′
q), where h
′
q is a positive integer and β
′
q is an element of
Ok such that qh′q = β ′qOk (e.g. h′q = hk); because the only property we need in the
proof is that qhq is principal. Let
• P(A): the set of prime divisors of some of the non-zero integers in A, where
A is a subset of Z,
• N : the set of integers N ∈ Z such that
(i) N is the discriminant of a quadratic field, and
(ii) for any prime number 2 < l < |N |
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, if l splits in k, then l does not split in
Q(
√
N).
Then N is a finite set, and its upper bound can be estimated effectively with at
most one possible exception (see [12, Theorem A]). Let
• N prime: the set of prime numbers in N ,
• Ram: the set of prime numbers which are ramified in k,
• P≤23 := { 2, 3, 5, 7, 11, 13, 17, 19, 23 }.
SupposeMB(k) 6= ∅, and fix a prime divisor p of d(B). Assume B⊗Q k 6∼= M2(k).
Then we will prove
p ∈ Ram∪P≤23∪
(⋂
q∈S0
P(A1,q)
)
∪
(⋂
q∈S0
P(A2,q)
)
(2.1)
∪
(⋂
S∈T
(
P(A3,S) ∪ { lq | q ∈ S }
))
∪ N prime
in §3,4.
Since MB(k) 6= ∅, there is a point x ∈ MB(k). Fix such x. In the following, we
study the characters associated to x (cf. [10, §4]). Let K be a quadratic extension
of k. Suppose that the following two equivalent conditions hold.
(C1) B ⊗Q K ∼= M2(K).
(C2) For any prime divisor l of d(B) splitting in k, no prime of k above l splits in
K.
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Note that we can always take such K (see [7, Remark 4.4]). Then x is represented
by a QM-abelian surface (A, i) by O over K (see [10, Theorem 1.1]). Let A[p] be the
p-torsion subgroup of A. Then it is free of rank one over the Fp-algebra O/pO. Note
that we have an isomorphism O/pO ∼=
{ (
ap b
0 a
)
∈ M2(Fp2)
}
. The module A[p]
has exactly one non-zero proper O-submodule, which we shall denote by Cp. Let PO
be the unique left ideal of O of reduced norm pZ; it is in fact a two-sided ideal of
O. Then Cp is free of rank one over O/PO. We have an isomorphism O/PO ∼= Fp2
of fields, which we fix. The action of GK on Cp yields a character
̺ : GK −→ AutO(Cp) ∼= F×p2,
where AutO(Cp) is the group of O-linear automorphisms of Cp. Note that ̺ depends
on the choice of identification O/PO ∼= Fp2, but the unordered pair { ̺, ̺p } does
not depend on this choice. Let
̺ab : GabK −→ F×p2
be the character induced from ̺. Let
ϕ : Gk −→ F×p2
be the composition
Gk
trK/k−−−→ GabK ̺
ab−−−→ F×p2,
where trK/k is the transfer map. Let
ΨK/k : Clk −→ ClK
be the map defined by [a] 7−→ [aOK ].
Lemma 2.1. Up to p-th power, the character ϕ4 depends only on x, and does not
depend on the choice of K or (A, i).
Proof. Since hk > 1, x is not a CM point by Z[
√−1] or Z[−1+
√−3
2
] (see [9, Theorem
5.12]). Then the group of automorphisms of (A, i) defined over k is { ±1 }, and the
assertion follows from the same argument as in the proof of [7, Lemma 5.3].
Fix a prime p of k above p, and a prime P of K above p. For a later use, let
β˜ ∈ κ(p) be the reduction of β modulo p. Let
r(P) : O×K,P −→ F×p2
(resp. s(p) : O×k,p −→ F×p2)
be the composition
O×K,P ω−−−→ GabK
̺ab−−−→ F×p2
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(resp. O×k,p ω−−−→ Gabk
ϕab−−−→ F×p2),
where ω is the Artin map and ϕab is the character induced from ϕ. Note that the
map trabK/k : G
ab
k −→ GabK induced from trK/k corresponds to the natural injection
A×k →֒ A×K via class field theory, where A×k , A×K are the groups of ide`les of k, K
respectively (see [18, Chapter XIII, §9, Theorem 8]). Then
r(P)(u) = s(p)(u)
for any u ∈ O×k,p. Let
χ : GK −→ F×p
be the mod p cyclotomic character. Then ̺p+1 = χ (see [10, Proposotion 4.6]), and
χp−1 = 1. We see that χ is unramified outside p. By [10, Proposition 4.7(2)], ̺12 is
also unramified outside p. Then χ, ̺12 are identified with characters
IK(p) −→ F×p , IK(p) −→ F×p2
respectively, where IK(p) is the group of fractional ideals of K prime to p. Let
χP : O×K,P −→ F×p
be the composition
O×K,P ω−−−→ GabK
χab−−−→ F×p ,
where χab is the character induced from χ. When p > 2, let
α := ̺2χ−
p+1
2 .
Then α6 = ̺12χ−3(p+1) = ̺12χ−6. Note that α6 is also identified with a character
IK(p) −→ F×p2.
Let Op := O⊗ZZp, Bp := B⊗QQp. The action of GK on the p-adic Tate module
TpA yields a representation
R : GK −→ AutO(TpA) ∼= O×p ⊆ B×p ,
where AutO(TpA) is the group of Zp-linear automorphisms of TpA commuting with
the action of O. For a prime Q of K, let FQ ∈ GK be a Frobenius element at Q. For
any t ∈ Bp, let tι be the conjugate of t, and let NrdBp/Qp(X− t) := (X− t)(X− tι) ∈
Qp[X ]. Assume lQ 6= p. Then for any positive integer n, there is an integer a(F nQ) ∈ Z
satisfying
NrdBp/Qp(X −R(F nQ)) = X2 − a(F nQ)X +NnQ ∈ Z[X ].
Let π = πQ ∈ C be a root of X2−a(FQ)X+NQ = 0. Then the roots of this equation
are π, π. We have
ππ = NQ, |π| =
√
NQ, π
n + πn = a(F nQ) and a(F
n
Q)
2 ≤ 4NnQ
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for any positive integer n (see [10, Proposition 5.3]). If NQ is an odd power of
lQ, then Q(π) is an imaginary quadratic field. By [10, Proposition 5.2], we have
NrdBp/Qp(X − R(FQ)) ≡ (X − ̺(FQ))(X − ̺(FQ)p) mod p. Fix a prime p0 of Q(π)
above p. Then (X − π)(X − π) = X2 − a(FQ)X + NQ = NrdBp/Qp(X − R(FQ)) ≡
(X−̺(FQ))(X−̺(FQ)p) mod p0. By replacing π with π if necessary, we may assume
̺(FQ) ≡ π mod p0. (2.2)
Then
̺p(FQ) ≡ π mod p0.
3 The case where p is inert in k
First, we classify the characters r(P), s(p) when p is inert in k.
Proposition 3.1. Suppose that p > 7 and that p is inert in k. Then:
(1) IfP = pOK, then there is an element b ∈ { 12, 12p, 4(p+ 2), 4(2p+ 1), 6(p+ 1) }
such that
r(P)12(u) = NormFp4/Fp2 (u˜)
−b
for any u ∈ O×K,P. Furthermore, we can take b ∈ { 12, 12p, 6(p+ 1) } if p 6≡
1 mod 3 (resp. b ∈ { 12, 12p, 4(p+ 2), 4(2p+ 1) } if p 6≡ 1 mod 4).
(2) There is an element c ∈ { 24, 24p, 8(p+ 2), 8(2p+ 1), 12(p+ 1) } such that
s(p)12(u) = u˜−c
for any u ∈ O×k,p. Furthermore, we can take c ∈ { 24, 24p, 12(p+ 1) } if p 6≡
1 mod 3 (resp. c ∈ { 24, 24p, 8(p+ 2), 8(2p+ 1) } if p 6≡ 1 mod 4).
Proof. (1) It follows from [10, Corollary 4.13 and Remarks 4.10, 4.14]. Note that the
case (a, k, h) = (4, 0, 2) is missing in the list of [10, Remark 4.14].
(2) First, note that s(p)12(u) = u˜−c for some c ∈ { 24, 24p, 8(p+ 2), 8(2p+ 1), 12(p+ 1) }
if and only if s(p)12p(u) = u˜−c
′
for some c′ ∈ { 24, 24p, 8(p+ 2), 8(2p+ 1), 12(p+ 1) },
because (u˜−24)p = u˜−24p and (u˜−24p)p = u˜−24p
2
= u˜−24 ∈ F×p2, etc. Then the assertion
does not change if we replace ϕ4 with its p-th power. By replacing K if necessary,
we may assume that p is inert in K (see (C2), Lemma 2.1 and [7, Remark 4.4]).
Then P = pOK . Since s(p)12(u) = r(P)12(u) for any u ∈ O×k,p, the assertion follows
from (1).
Note that 24 < 8(p+ 2) < 12(p+ 1) < 8(2p+ 1) < 24p. Suppose that we are in
the situation of Proposition 3.1(2). Then p = pOk and p 6∈ S0. We take c to satisfy{
c ∈ { 24, 24p, 12(p+ 1) } if p 6≡ 1 mod 3,
c ∈ { 24, 24p, 8(p+ 2), 8(2p+ 1) } if p 6≡ 1 mod 4.
In the following, we study the cases [c = 24 or 24p], [c = 8(p+ 2) or 8(2p+ 1)] and
[c = 12(p+ 1)] separately.
[Case c = 24 or 24p].
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Proposition 3.2. p ∈ P≤23 ∪
⋂
q∈S0
P(A1,q).
Proof. Suppose p > 23, and fix any q ∈ S0. Then p 6= q. By replacing K if necessary,
we may assume that p is inert in K and that q is ramified in K. Note that c = 24
and c = 24p might interchange in this process (see Lemma 2.1). By replacing ̺ with
̺p if necessary, we may assume c = 24.
First, we prove
r(P)12(u) = NormFp4/Fp2 (u˜)
−12
for any u ∈ O×K,P. We have P = pOK = pOK . By Proposition 3.1(1), there
is an element b ∈ { 12, 12p, 4(p+ 2), 4(2p+ 1), 6(p+ 1) } such that r(P)12(u) =
NormFp4/Fp2 (u˜)
−b for any u ∈ O×K,P. In this case, u˜−24 = s(p)12(u) = r(P)12(u) =
u˜−2b for any u ∈ O×k,p. Choose an element w ∈ O×k,p so that w˜ is a generator of the
cyclic group F×p2 (
∼= Z/(p2 − 1)Z). Then w˜−24 = w˜−2b, and so 2b ≡ 24 mod (p2 − 1).
Since p > 23, we have b = 12. Therefore r(P)12(u) = NormFp4/Fp2 (u˜)
−12 for any
u ∈ O×K,P.
Let q = lq, and let Q be the (unique) prime of K above q. Then NQ = Nq = q
and qOK = Q2. Note that p 6= q. We claim
(i) a(F
24hq
Q ) ≡ Trk/Q(β24q ) mod p, and
(ii) a(F
24hq
Q ) 6= Trk/Q(β24q ),
which are proved as follows.
For simplicity, we write h = hq, β = βq.
(i) We have
̺(F 24hQ ) = ̺
12(F 2hQ ) = ̺
12(Q2h) = ̺12(qhOK) = ̺12(βOK)
= ̺12((1)∞, (1)p, (β)
∞,p) = ̺12((β−1)∞, (β
−1)p, (1)
∞,p) (3.1)
= ̺12((β−1)p, (1)p) = r(P)12(β−1).
Here,∞ is the infinite place of Q, ((1)∞, (1)p, (β)∞,p) (resp. ((β−1)∞, (β−1)p, (1)∞,p),
resp. ((β−1)p, (1)p)) is the ide`le of K where the components above ∞, p are 1 and
the others are β (resp. the ide`le of K where the components above ∞, p are β−1
and the others are 1, resp. the ide`le of K where the component above p is β−1
and the others are 1). Note that the components above ∞ have no contribution
since K has no real place. Then ̺(F 24hQ ) = NormFp4/Fp2 (β˜
−1)−12 = β˜24, where β˜ ∈
κ(p) = Fp2 is the reduction of β modulo p. By [10, Proposition 5.3], we obtain
a(F 24hQ ) ≡ TrFp2/Fp(̺(F 24hQ )) = TrFp2/Fp(β˜24) ≡ Trk/Q(β24) mod p.
(ii) Suppose a(F 24hQ ) = Trk/Q(β
24). Since ββ = Nhq = q
h, the roots of
X2 − Trk/Q(β24)X + q24h = 0 (3.2)
are β24, β
24
. On the other hand, the roots of X2−a(FQ)X+ q = 0 are π, π. We have
ππ = q and a(F 24hQ ) = π
24h + π24h (see the last paragraph of §2). Then π24h, π24h
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are the roots of (3.2) since a(F 24hQ ) = Trk/Q(β
24). Hence we have an equality of
unordered pairs
{
β24, β
24
}
=
{
π24h, π24h
}
. Then
Q(π) ⊇ Q(π24h) = Q(β24) ⊆ Q(β) ⊆ k.
We prove β24 6∈ Q. Assume otherwise, i.e. β24 ∈ Q. Then q24h = β24β24 = (β24)2,
and so β24 = ±q12h. Hence q24h = β24Ok = q12hOk and q2 = qOk. This implies
that q is ramified in k/Q, which contradicts q ∈ S0. Therefore β24 6∈ Q. Since
[Q(π) : Q] = [k : Q] = 2, we have
Q(π) = Q(π24h) = Q(β24) = Q(β) = k.
Then π ∈ k. Since ππ = q, we have q = πOk or πOk. This implies that q is principal,
which contradicts q ∈ S0. Then (ii) has been proved.
By (i) and (ii), p divides the non-zero integer a(F 24hQ )−Trk/Q(β24). Since a(F 24hQ ) =
π24h + π24h ∈ Cq, we have a(F 24hQ )−Trk/Q(β24) ∈ A1,q. Then p ∈ P(A1,q). Therefore
p ∈
⋂
q∈S0
P(A1,q).
[Case c = 8(p+ 2) or 8(2p+ 1)]. In this case, we have p ≡ 1 mod 3.
Proposition 3.3. p ∈
⋂
q∈S0
P(A2,q).
Proof. We repeat the argument in the proof of Proposition 3.2. Fix any q ∈ S0. We
may assume that p is inert in K and that q is ramified in K. Then P = pOK = pOK .
By replacing ̺ with ̺p if necessary, we may assume c = 8(p+ 2).
We prove
r(P)12(u) = NormFp4/Fp2 (u˜)
−4(p+2)
for any u ∈ O×K,P. There is an element b ∈ { 12, 12p, 4(p+ 2), 4(2p+ 1), 6(p+ 1) }
such that r(P)12(u) = NormFp4/Fp2 (u˜)
−b for any u ∈ O×K,P. In this case, u˜−8(p+2) =
s(p)12(u) = r(P)12(u) = u˜−2b for any u ∈ O×k,p. Then 2b ≡ 8(p + 2) mod (p2 − 1).
Since p > 7, we conclude b = 4(p+ 2).
Let q = lq, and let Q be the prime of K above q. We claim
(i) a(F
24hq
Q ) ≡ q8hqTrk/Q(β8q ) mod p, and
(ii) a(F
24hq
Q ) 6= q8hqTrk/Q(β8q ).
(i) By (3.1), we have ̺(F 24hQ ) = r(P)
12(β−1) = NormFp4/Fp2 (β˜
−1)−4(p+2) =
β˜8(p+2). Since β
p ≡ β mod p, βp ≡ β mod p and ββ = qh, we have a(F 24hQ ) ≡
TrFp2/Fp(̺(F
24h
Q )) = TrFp2/Fp(β˜
8(p+2)) ≡ Trk/Q(β8(p+2)) = β8p+16 + β8p+16 ≡ β8β16 +
β8β
16
= β8β
8
(β8 + β
8
) = q8hTrk/Q(β
8) mod p.
(ii) Suppose a(F 24hQ ) = q
8hTrk/Q(β
8). Since β8β
8
= q8h, the roots of
X2 − Trk/Q(β8)X + q8h = 0 (3.3)
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are β8, β
8
. On the other hand, the roots of X2 − a(FQ)X + q = 0 are π, π. Then
π24h + π24h = a(F 24hQ ) = q
8hTrk/Q(β
8) and ππ = q. Hence π
24h
q8h
+ π
24h
q8h
= Trk/Q(β
8)
and π
24h
q8h
· π24h
q8h
= q8h. Then π
24h
q8h
, π
24h
q8h
are the roots of (3.3). Hence
{
β8, β
8
}
={
π24h
q8h
, π
24h
q8h
}
, and so
Q(π) ⊇ Q(π24h) = Q(β8) ⊆ Q(β) ⊆ k.
Assume β8 ∈ Q. Then q8h = β8β8 = (β8)2, and so β8 = ±q4h. Hence q8h = β8Ok =
q4hOk and q2 = qOk. This contradicts q ∈ S0. Therefore β8 6∈ Q. Then
Q(π) = Q(π24h) = Q(β8) = Q(β) = k,
and so π ∈ k. Since ππ = q, we have q = πOk or πOk. This contradicts q ∈ S0.
Then (ii) has been proved.
Since a(F 24hQ )− q8hTrk/Q(β8) ∈ A2,q, we conclude p ∈ P(A2,q). Note that we do
not use the congruence p ≡ 1 mod 3.
[Case c = 12(p+ 1)]. In this case, we have p ≡ 1 mod 4.
Proposition 3.4. p ∈
(⋂
S∈T
P(A3,S)
)
∪ N prime.
Fix any S ∈ T . Then S is a non-empty finite subset of S0 which generates Clk.
First, we prove:
Lemma 3.5. Suppose that p is inert in K and that any prime in S is ramified in
K. Then:
(1) ̺12χ−6 : GK −→ F×p2 is unramified everywhere.
(2) If p 6∈ P(A3,S), then the character ClK −→ F×p2 induced from ̺12χ−6 is trivial
on ΨK/k(Clk).
Proof. (1) Since ̺12χ−6 is unramified outside p, we have only to show that it is un-
ramified at P (= pOK = pOK). Since p > 7 and p ≡ 1 mod 4, we have p > 11. There
is an element b ∈ { 12, 12p, 4(p+ 2), 4(2p+ 1), 6(p+ 1) } such that r(P)12(u) =
NormFp4/Fp2 (u˜)
−b for any u ∈ O×K,P. In this case, u˜−12(p+1) = s(p)12(u) = r(P)12(u) =
u˜−2b for any u ∈ O×k,p. Then 2b ≡ 12(p + 1) mod (p2 − 1). Since p > 11, we have
b = 6(p + 1). Then r(P)12(u) = NormFp4/Fp2 (u˜)
−6(p+1) = (NormFp4/Fp2 (u˜)
p+1)−6 =
(NormFp2/Fp ◦ NormFp4/Fp2 (u˜))−6 = NormFp4/Fp(u˜)−6 and χP(u) = NormFp4/Fp(u˜)−1
(cf. [10, Proof of Proposition 4.8]) for any u ∈ O×K,P. Hence r(P)12(u)χ−6P (u) = 1 for
any u ∈ O×K,P. Therefore ρ12χ−6 is unramified at P.
(2) Assume p 6∈ P(A3,S). Fix any q ∈ S, let q = lq, and let Q be the prime of K
above q. Then NQ = Nq = q and p 6= q. By (3.1), we have ̺(F 24hQ ) = r(P)12(β−1) =
NormFp4/Fp2 (β˜
−1)−6(p+1) = β˜12(p+1), and so a(F 24hQ ) ≡ TrFp2/Fp(̺(F 24hQ )) = TrFp2/Fp(β˜12(p+1)) =
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β˜12(p+1) + β˜12(p
2+p) = 2β˜12(p+1) ≡ 2β12β12 = 2q12h mod p. Here, note that β˜p2 =
β˜ ∈ κ(p) = Fp2. Suppose a(F 24hQ ) 6= 2q12h. Then p divides the non-zero integer
a(F 24hQ ) − 2q12h ∈ A3,q ⊆ A3,S , and so p ∈ P(A3,S). This contradicts the assump-
tion p 6∈ P(A3,S). Hence a(F 24hQ ) = 2q12h. Then π24h + π24h = a(F 24hQ ) = 2q12h and
π24hπ24h = q24h. Therefore π24h = π24h = q12h.
We prove π24 = q12 (cf. [1, Proof of Theorem 5.1]). Let ζ := ππ−1. Then ζ24h =
π24hπ−24h = 1 and π = ζπ. Hence Q(π) = Q(π) = Q(ζπ) = Q(π, ζ) ⊇ Q(ζ).
Since [Q(π) : Q] = 2, we have ζ4 = 1 or ζ6 = 1. Then ζ12 = 1. This implies
π12 = ζ12π12 = π12, and so π12 ∈ Q. Here, note that Q(π) is an imaginary quadratic
field. Since |π| = √q, we have |π12| = q6. Therefore π12 = ±q6 and π24 = q12.
By (2.2), we have ̺(FQ) ≡ π mod p0. Then ̺12(qOK) = ̺12(Q2) = ̺24(FQ) ≡
π24 = q12 ≡ χ(FQ)12 = χ(Q)12 = χ6(Q2) = χ6(qOK) mod p. Since S generates Clk,
the assertion follows.
Proof of Proposition 3.4. Assume p 6∈
⋂
S∈T
P(A3,S). For any prime number q < p4
that is not inert in k, we prove
(
q
p
)
= −1 as follows. Here,
(
q
p
)
is the Legendre
symbol.
There is an element S ∈ T such that p 6∈ P(A3,S). Fix such S. Let q be a prime
of k above q. Since p is inert in k and p > 4q > q, we have p 6∈ S ∪ { q }. We may
assume that p is inert in K and that any prime in S ∪ { q } is ramified in K. Let
Q be the prime of K above q. Since q is not inert in k, we have NQ = Nq = q.
Recall α = ̺2χ−
p+1
2 and α6 = ̺12χ−6. By Lemma 3.5, we have α(FQ)12 = α12(Q) =
α6(qOK) = ̺12(qOK)χ−6(qOK) = 1. Since ̺p+1 = χ, we have α p+12 = ̺p+1χ− (p+1)
2
4 =
χ1−
(p+1)2
4 = χ
(1−p)(3+p)
4 . Recall p ≡ 1 mod 4. Then 3+p
4
∈ Z, and so α p+12 = 1. We also
see that p+1
2
is odd. Since the order of α(FQ) divides 12 and
p+1
2
, we have α(FQ)
3 = 1.
Therefore α(FQ) + α(FQ)
−1 = −1 or 2. Since ̺p = χ̺−1 and
(
q
p
)
≡ q p−12 mod p, we
have π2 + π2 ≡ ̺(FQ)2 + ̺p(FQ)2 = ̺(FQ)2 + χ(FQ)2̺(FQ)−2 = χ(FQ) p+12 α(FQ) +
χ(FQ)
2− p+1
2 α(FQ)
−1 = χ(FQ)
p+1
2 (α(FQ) + α(FQ)
−1) = q
p+1
2 (α(FQ) + α(FQ)
−1) =
q
(
q
p
)
(α(FQ)+α(FQ)
−1) mod p. Assume
(
q
p
)
= 1. Then π2+π2 ≡ −q or 2q mod p.
Since ππ = q, we have (π+π)2 ≡ q or 4q mod p. We observe that 0 ≤ (π+π)2 ≤ 4q.
Then (π+π)2 = q or 4q because |(π+π)2−q| ≤ 3q < p and |(π+π)2−4q| ≤ 4q < p.
This contradicts π + π ∈ Z. Therefore
(
q
p
)
= −1.
Since p ≡ 1 mod 4, p is the discriminant of Q(√p). Let q be any prime number
such that 2 < q < p
4
. Assume that q splits in k. Then we have proved
(
q
p
)
= −1.
Since p ≡ 1 mod 4 again, we have
(
p
q
)
=
(
q
p
)
(−1) (p−1)(q−1)4 =
(
q
p
)
= −1. Then q
does not split in Q(
√
p). Therefore p ∈ N prime.
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4 The case where p splits in k
Suppose that p splits in k.
Lemma 4.1. We have p = 2 or p ≡ 1 mod 4.
Proof. Since p splits in k, we have an injection k →֒ Qp. Since MB(k) 6= ∅, we have
MB(Qp) 6= ∅. Then by [11, Theorem 5.6], we have either
(i) p = 2 and d(B) = 2q1 · · · q2r−1 with the prime numbers qi, 1 ≤ i ≤ 2r − 1,
satisfying qi ≡ 3 mod 4, or
(ii) d(B) = 2p with p ≡ 1 mod 4.
Then the assertion follows.
Proposition 4.2. p ∈ { 2 } ∪
(⋂
S∈T
(
P(A3,S) ∪ { lq | q ∈ S }
))
∪N prime.
Let p1, p2 be the primes of k above p. Fix any S ∈ T . First, we prove:
Lemma 4.3. Suppose that any prime in S ∪ { p1, p2 } is ramified in K. Then:
(1) ̺12χ−6 : GK −→ F×p2 is unramified everywhere.
(2) If p 6∈ P(A3,S) ∪ { lq | q ∈ S }, then the character ClK −→ F×p2 induced from
̺12χ−6 is trivial on ΨK/k(Clk).
Proof. (1) The character ̺12χ−6 is unramified outside p. For j = 1, 2, let Pj be the
prime of K above pj . We have r(Pj)
12(u) = u˜−12 (see [10, Proposition 4.8]) and
χPj (u) = u˜
−2 for any u ∈ O×K,Pj , j = 1, 2. Then ̺12χ−6 is unramified at P1,P2.
(2) Assume p 6∈ P(A3,S) ∪ { lq | q ∈ S }. Fix any q ∈ S, and let q = lq. Then
p 6= q. Let Q be the prime of K above q. Then NQ = Nq = q. We have
̺(FQ)
24h = ̺12(F 2hQ ) = ̺
12(Q2h) = ̺12(qhOK) = ̺12(βOK) = ̺12((1)∞, (1)p, (β)∞,p)
= ̺12((β−1)∞, (β−1)p, (1)∞,p) = ̺12((β−1)p, (1)p) =
2∏
j=1
r(Pj)
12(β−1)
=
2∏
j=1
(β mod pj)
12 ≡ Normk/Q(β)12 mod p.
Here, ((1)∞, (1)p, (β)∞,p), ((β−1)∞, (β−1)p, (1)∞,p), ((β−1)p, (1)p)) are the ide`les of
K which are defined in the same way as in the proof of Proposition 3.2. Since
Normk/Q(β)
12 = q12h, we have ̺(FQ)
24h ≡ q12h mod p. On the other hand, ̺(FQ) ≡
π mod p0 by (2.2). Then q
12h ≡ π24h mod p0, and so p divides NormQ(π)/Q(π24h −
q12h) = −q12h((π24h + π24h)− 2q12h). Hence p divides (π24h + π24h)− 2q12h ∈ A3,q ⊆
A3,S . Since p 6∈ P(A3,S), we have π24h + π24h = 2q12h. Since π24hπ24h = q24h, we
have π24h = π24h = q12h. Then π24 = q12 by the same argument as in the proof of
Lemma 3.5(2). Therefore ̺12(qOK) = ̺12(Q2) = ̺24(FQ) ≡ π24 = q12 ≡ χ(FQ)12 =
χ6(Q2) = χ6(qOK) mod p.
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Proof of Proposition 4.2. Assume p 6∈ { 2 } ∪
⋂
S∈T
(
P(A3,S) ∪ { lq | q ∈ S }
)
. Then
there is an element S ∈ T such that p 6∈ P(A3,S) ∪ { lq | q ∈ S }. Fix such S. By
Lemma 4.1, we have p ≡ 1 mod 4. Let q < p
4
be any prime number that is not inert
in k. Let q be a prime of k above q. By replacing K if necessary, we may assume
that any prime in S ∪ { p1, p2, q } is ramified in K. Let Q be the prime of K above
q. Then NQ = Nq = q. By Lemma 4.3, we have α(FQ)
12 = α6(Q2) = α6(qOK) =
1. Since p ≡ 1 mod 4, we have α p+12 = χ (1−p)(3+p)4 = 1. Then α(FQ)3 = 1 and
α(FQ)+α(FQ)
−1 = −1 or 2. We also have π2+π2 ≡ q
(
q
p
)
(α(FQ)+α(FQ)
−1) mod p.
By the same argument as in the proof of Proposition 3.4, we obtain
(
q
p
)
= −1. If
q > 2, then
(
p
q
)
= −1, and so q does not split in Q(√p). Therefore p ∈ N prime.
By Propositions 3.1–3.4 and 4.2, we obtain (2.1). Combining this result with [10,
Theorem 6.6], Theorem 1.2 follows.
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